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Basic Scattering Theory
SANS




neutron

source

LR T T T T

detector
k element

scattered beam

k

incident beam transmitted beam:

unscattered beam
+
forward-scattered beam



detector
I %lement

neutron

source

[l T i T T T T B N



detector
k element

scattered beam

k

incident beam

neutron

source transmitted beam:

L% T i T T T T )
1
1
1
|
]
]
1
1
1
1
1
|
1
1
1
1
1
1
7
)
1
1
1
1
1
|
'
1

unscattered beam
+
forward-scattered beam

Elastic scattering

k . N47T
kS:k:%T A’\Q—NcsmHTH
4'
k

Q=k, -k




Shrodinger Equation |

——szw(k, r)+ 7V (r)yYk,r) = k"
2m 2m

P(K,r)

27h?

m

V(l‘) — Z bié(r — Ri) =+ gH'B <I'>

nuclear interaction: magnetic interaction:

Fermi "contact" nucleus spin
electron spins

b, = Fermi scattering length

sum over all nuclein at positions R,

) @tron /
1 positive (repulsive interaction) -

= nuclicus

" |negative (attractive interaction) i/j




h—[—vztb(k, r)+4mp(r)(k,r) = k*ip(k, r)]

2m

—Vzlb(k» l') -+ 47’(',0(1')?70(1{, l') — kzlb(k» l')

p(r)= Zbl.é(r — R, ) = scattering length density (SLD)
o [



—V*(k,r) +47mp(r)y(k,r) = k*p(k,r)

spherical wave  plane wavefront

N scattered beam
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o, (K, 1) = f(ks>67

incident beam !

P(k,r) =e™" A Vf’: transmitted beam

_____

_________

fk)= [ Gk r)pre ™ d’r

Exact 1) in scatterer



f(k)= [ vr)p(re ™ d’r

Born approximation ("Kinematic theory")

M

(k,r) ~ ™" inside scatterer

- fR) A f e o(r)d’r

Vs

= p(Q) = FTQ/O(r)




When 1s the BA valid?
BA

@ ..

Mixw (dynamical)

distortion

For a uniform sphere of radius R:

R [,um] 0 [10_4 nm-’ l A [nm]
5

e.g., for representative ,0[10_4 nm’ ])\ inm|=5x1,|v,, = R|um]|

max

SV =2RpA = (p[10—4nm—2l _ p[10—6A—2])

BA exact as v — 0; good for v <1 (particles not too large)



What's measured?|

ds = r*d)

scattered current density [

cross-sectional area A
A/

P T T T Y e T B N
|
|
1
1
1
1
|
|
|
|
|
1
1
i
1
|
'
'
'
1
1
1
'
'
'
'
1

j, incident current density
I

current: J = aN = jA
dt
current density: j = 6i,—];]/ A = "flux"

Difterential Cross Section : do

.]SdS — .]zdo_




What's measured?|

ds = r*d$)

scattered current density [

cross-sectional area A
A/
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j, incident current density
I

dN
cdo=jdS]j =—7
Js@3 1 ], Y

l

do =97 gq =490
90 49




What's calculated‘?I

vy — vy
2mz
incident: v, = €', j. = hk/m
ik r
scattered : . = f(K,) c , ], =
r m

j(dS = r*dQ)

c.do=

i we
2




What's measured/calulated?|

NOTE: we want to know f(k ), since f(k,) ~ p(Q),
and then p(r) ~ FT ' 5(Q);

A 2
pQ).
The "phase problem": can we get p(Q) from

... but we directly measure

HQ)| 2

2

AALR

0o K
a Q T ‘ f ( S ) thermal motions
random configurations
random orientations
spin degrees of freedom

...other uncontrolled DOF



Coherent & Incoherent Scattering|

neutron
\neut’r‘on\L |
spin 1 flucutating
nucicus nuclear
at R spin
bcoh’n — <bn >nu‘c coherent
spin
/ B < b2> o < b >2 incoherent
inc,n nf "/ e (fluctuation
) spin inyariance)
47Z-b1nc N IIlC N{
Coh/Inc Rule:

<bmbn> 1ncn5m N/ T b coh mbcoh N/




)= (1)

N

spin
m,n p m,n

1Q'(Rm_Rn)
Z nc,n <Z coh mbcohn ¢ >

construction)

> (Rayleigh-Gans

m,n



80' T ine,n z : i
—— 2 Q.(Rm _Rn)
- Z —I_ bCOh,mbcoh,n C 4

oS — 47 -
9o 9o
aQ inc 89 coh

structure independent  |structure dependent
(a major contribution

to background)
o, /V =2, "macroscopic" cross-section
cye] ]
Notation alert: 9o dZ , etc.
0 o dQ




Isotropic scattering|

.. average over random orientations

do iQ+(R,,—R,)
_ Z b . b e n—R,
89 coh,m ™~ coh,n
coh

m,n random orientation

1Q°(Rm _Rn )
oh ,m coh N7

direction of Q

2 : coh,m cohnslIlC

sinc(x) = sinﬂ(;rx) = j, (mx)




"Fundamental Theorem of Diffraction"

1. Born Approximation

2. Convolution-product theorem:

(27T)—3 f<la<Q>‘2>eiQ.rd3Q :pr(r—l—r’)p(r’)aﬁr’

oo| <
coh

090

p(Q)

=T (r) [ e (1)

P(e0)= [ (ploo-+ ) ol ) =7 (o)

asymptotic independence



)= [ {olr+r)o(e))ar
<>=<>
[(c0)= (o)’

Debye-Porod correlation function|

5 7/(1‘): F(r)_r(oo) .',’7(1.):f<A,0<l’—|—r/)Ap<r’>>d3r/
| a (O) - (oo) fluctuation correlation function
y(0)=1

\/

y(e2)=0
F(r)=V(p) +V{(4p) ) 7(x).

<(A'O )2> - <,0 > - <,0>2 = contrast




oo

— feiQ'rI’(r)cfr’

| aQ coh

6 incoherent forward
background scattering

0

(9_?2 — N<b1ic > + <27T>3 V <10020h > 6 <Q>

+V((Dp)) [y (r)dr

coherent scattering
from microstructure

(needs contrast)

In 2-phase (A-B) system: <(A/0)2> =@ ,Pp (/OA ~ Pk )2 , 0Ty =1



do _ N<biic> + (277)3 V</0§oh>6<Q>

oS
—|—V<(Ap)2>feiQ'r’y(r)d3r/

. _ @A 2 iQer 3.1
Notation alert: 0 —V<(Ap) >fe v(r)d’r

|99 _
109
where

S(Q)= f e y(r)d’r" "scattering function"

v ((20))s(Q)

Aside: more generally:

S(Q)= [ 5(Qw)dw



The scattering function |

S (Q) = ¥y (r)d’r’

fS a’Q fy =1

.'.<2l>3fa(;<g?) d3Q:V<(Ap)2> Porod invariant
T coh

Isotropic scattering:
S(Q)= [ y(r)d’r, 5(0)= | -

o (r) sin (Qr) dr
47

:E O r*y(r)sin(Qr)dr = 4Wj;mr27<F)SiHC<QV/W>dF

p (r) = r27<r)/ fo N r27<r)sinc<Qr/ 7T>dl”, Distance distribution function




The Laws|
for small O, expand the Sin(Qr):

4w - 1 3
S(Q)zgjZ . r;/(r) Qr—a(Qr) +-- dr
1 575 n = on
=S(O) l—gQ <r >+ : <r >= r p(r)dr
- 5(0)=5(0) 1—%Q_2Ré+---

R = j; "1 (r)d’r, R; = Guinier radius (radius of gyration)
Guinier's "Law"|
S(0)=5(0)e""
Note : this implies S (Q) =~ § (Q) only for QR. < .




The Laws|
for large Q, first expand () for small r:

for a scatterer of volume V' and surface area S,
y(r)=|1-r/&+--+], £=4V /S Porod correlation length

Then from a basic theorem about Fourier transforms,

SIV 4/&
S(0) ~ -
0)~—Fr ="
Porod's Law|
00(Q)  ((80)')s

= fOI‘Qé>>1.
BQ 4 2
coh Q




Basic Scattering Theory
NSR




Specular Reflection: 8. = 6

neutron ;? incident beam ! reflected beam detector
/

element
/
source / J k KX
/

= 2ksin6

_| transmitted beam



Shrodinger Equation |

=V3(k,r) +4mp(r)(k,r) =k P(k,r)

Specular paradigm
p(r) =(p(x,¥,2)) = p(2)
Yk, r) = e (k. 2)

—02Y(k,,z) +4np(2)(k,,z) = k2p(k,, z)

1 — D wave equation




What's measured?|

recall current: J :d—N: jeA

dt
Reflectivity R = j e A/ jeA




What's calculated‘?I

vy — vy
2mz
incident: ¢, = e*", j. =hk/m
reflected: ¢ =re ™", j = h—kr
m

R=jAljA=|(Q) =

NOTE: R <1




Lipid HBL
DMPC SAM

free film (air fronting & backing)

p[10°A2] /
- AuCr
é ) al %
backing
frontmg ¢ OV N
" incident medium transmitting medium
ElE l"‘"""E’E ".'lE 1 E a 125 "_EIE

0 Z[A] L
for the free film

L/ |
0 [ (025

recall f(K, )= f (K, r)p(r)e ™ d’r for point scatterers
Vs



0.) f U (k.2 )p(z)e* dz

1k, z

Born Approximation: ) <kZ : Z) — €

Z f p elzﬁjzdz—?p(Q)

3

WARNING: BA breaks down as Q. — 0(unlike SANS case)




Free film|

Transfer Matrix

4 B Real numbers
ik, z M = cC D A/DetM:(AD—BC):l
— (M 1s unimodular)
P(z)

. <4 ik

7 e—lkZZ £ { 1,2
% >
25 /,ih, ya—_ 73 To00 123 aso

0, AA1 L

1
’

M "transfers" wl(z) and ¢’ (z) fromz=0toz=1L

M

il

(l_l_r\

1 ¢ oikl
1

—r))

.-+ g1ving two equations for » and ¢



B+C+i(D—4)| |a=4+C
) g
B—C+i(D+4)| |3=B"+D*
- a— [+ 21y v=AB—-CD
o+ v =af—1
R:W:;_z, Y=A"+B'+C'+D*=a+f

The phase problem: R [a + ] doesn't determine «, 5 and 7.




Transfer Matrix | Aside:historically, M also is called
: the "optical" matrix.

<
||
<
<
X




Transfer Matrix |
M, M=MM,---M,

T fﬁ/ . Exact in lim
N—o00
I [—’—\\‘ Good forN>Q L
s b 75 oo i2m 1sc
Py
v cos|¢; (k. )] sin|¢, (k.)|/n, (k)
T sing (k)] cos[g (k)
: E(k)=n,(k)kd, nk)=|1- P



Surrounded film|




Two prototypes|

vacuum a

1)Fresnel Problem: backing only = —

backing: p,
0 Z
_1-n,(0./2) [ 16mp,
r<Qz)_1_|_nb(QZ/2> nb(kz)_\/l_ QZZ
n, (0. /2)=1iln, (Q./2)| for Q. <\[167p, = Q.
R a
1 (cartoon)

~1/0" (recall Porod's Law)




Two prototypes|

s M =M,
2) Free barrier vacuum /2 vacuum
—= —>
>
0 L z

. By +Cy+i(Dy — 4y)
B, —C,+i(D, + 4,)

n, (0.12)=1—16mp, /O’

R a (cartoon)
I\ Kiessig fringes

’/l\‘“‘« ~1/0Q;
>

i 0.

r(Q.)




Enjoy the rest of the course!
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